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Let  Lp  =  Lp ( R ) ,  1 ≤ p  ≤  ∞,  be the space of measurable functions  f :  R  →  C  with finite norm  f p,
where 
f p  =  f Lp ( )R   = f x dx
p
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( )
/
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1
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.
For  f Lp∈ ( )R   and  g Lq∈ ( )R ,  where  p q, [ ; ]∈ ∞1 ,  1 1p q+ =  1,  we set
( f, g )  =  f x g x dx( ) ( )
R
∫ .
We consider the following classes of functions  f L∈ 2( )R :  For  k ∈ N  and  p ∈ ( 1, ∞ ),  we set
W p
k
2,   =  f L i fk p∈ ≤{ }2 1( ) : ( ) ˆ( )R ω ω ,
where 
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ˆ( )f ω   = 1
2π
ωf x e dxi x( ) −∫
R
is the Fourier transform of a function  f .  For  p  =  2,  we obtain the standard Sobolev classes 
W k2 2,   =  f L f k∈ ≤{ }2 2 1( ) : ( )R .
For a function  ψ( ) ( )t L∈ 2 R   and numbers  j k, ∈Z ,  we set
ψ j k t, ( )  =  2 22j j t k/ ( )ψ − .
If the system of functions  { }
, ,
ψ j k j k∈Z   forms an orthonormal basis of the space  L2( )R ,  i.e., any function
f L∈ 2( )R   can be represented in the form of the sum of the series
f ( t )  =  
i j
j jf t
∈ ∈
∑ ∑ ( )
Z Z
ψ ψν ν, ,, ( ) (1)
convergent in  L2( )R ,  then the function  ψ ( t )  is called an orthogonal wavelet.
Many applications of orthogonal wavelets are based on the investigation of the value of the wavelet coeffi-
cients in representations of the form (1), depending both on properties of the wavelet  ψ ( t )  and on the smooth-
ness of the function  f. 
Assume that the wavelet  ψ ( t )  has  k  zero moments or, which is equivalent, that  ˆ ( )ψ ω   has a zero of mul-
tiplicity  k  at zero.  We define a function  k tψ ( )  by the relation
 k tψ ω( ) ( )( )
Ÿ
=  ( ) ˆ ( )i kω ψ ω− .
We set 
C p qκ ψ; , ( )   =  sup ( )
ˆ
,
f W qpk
f
∈
′2
ψ
ψ
,
where 
′p   =  p
p − 1
.
It is easy to see that  C p qκ ψ; , ( )   can be represented in the form
C p qκ ψ; , ( )   =
( )
ˆ
k p
q
ψ
ψ
Ÿ
. (2)
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Note that  C p qκ ψ; , ( )   is the exact constant in the inequality
ψ νj f, ,( )   ≤  C f ip q j k p q q k pκ ψ ψ ω ω; , ( ) ˆ ˆ( )( )2
1 1
− − +
⎛
⎝⎜
⎞
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′
.
Let  m ∈ N.  The trigonometric polynomials 
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0
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−
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−
∑/ ( )h l em il
l
m
ω
, h lm( ) ∈R ,
which satisfy the equalities 
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ω ω⎛⎝ ⎞⎠ ⎛⎝ ⎞⎠−
m
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0
1
,
are called Daubechies filters (see, e.g., [1], Sec. 16). 
A function  ϕmD  whose Fourier transform has the form
  
ϕ ωmD( )Ÿ ( )   =  12 21π ωHm
l
l
( )−
=
∞
∏
is the orthogonal scaling function.  A function whose Fourier transform has the form 
  
ψ ωmD( )Ÿ ( )  =  e H
i
m m
D− +⎛⎝ ⎞⎠ ( ) ⎛⎝ ⎞⎠
ω
ω
π ϕ ω2
2 2
Ÿ
is called an orthogonal Daubechies wavelet  ψmD .
The wavelet  ψmD   possesses the following properties (see [2], Chap. 6; [1], Sec. 16):
(i) supp ψmD   =  [ – ( m – 1 ) , m ] ;
(ii) ψmD   has  m  zero moments;
(ii) there exists  λ > 0  such that  ψmD  ∈ C mλ ,  where
Cα   =  f f d: ˆ( )
R
∫ +( ) < ∞⎧⎨⎪⎩⎪
⎫⎬⎪
⎭⎪
ω ω ωα1 ,      α  >  0. (3)
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Furthermore (see, e.g., [3], Sec. 5.5), 
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2
  =  
  
Hm m
Dω π ϕ ω
2 2
2 2
+⎛⎝ ⎞⎠ ( ) ⎛⎝ ⎞⎠Ÿ   =  12 2 2
2
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1π
ω
π ωH Hm m
l
l
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∏ ( ) , (4)
and, moreover, 
Hm( )ω 2   =  1
0
2 1
−
⎛
⎝⎜
⎞
⎠⎟∫ −c udum m
ω
sin . (5)
The following theorem is the main result of the present paper: 
Theorem 1.  Let  k ≥ 0  be a fixed integer.  Then 
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For  p  =  q  =  2,  this theorem was proved in [4]. 
To prove this theorem, we need the lemma presented below, which was also proved in [4] for  p = 2. 
Let 
ˆΨ   =  1
2 2 2π
χ χπ π π π− −[ ] [ ]+( ), , ,
where  χ1  is the characteristic function of the interval  I. 
Lemma 1.  Suppose that  1 < p < ∞  ,  k ≥ 0  is an integer,  ( )ψn   is a sequence of functions with compact
support, and the following conditions are satisfied: 
(i) for a certain  ε  independent of  n,  0 < ε < π,  one has 
 ω ε
ω ψ ω ω
<
−∫ pk n p d( ) ( )Ÿ   →  0       as    n  →  ∞;
(ii)
 
( ) ˆψn p
Ÿ
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Proof.  We represent  
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On the other hand, 
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Let us show that
I p2   =  
 
ω ψ ω ω ω− −∫ pk n p d( ) ( ) ˆ ( )Ÿ Ψ
R
  →  0       as     n  →  ∞.
We fix  ε ∈ ( 0; π ).  Dividing the interval of integration into two parts, we obtain 
I p2   =  ω ψ ω ω ω ω ψ ω ω ω
ω ε ω ε
−
<
−
>
− + −∫ ∫pk n p pk n pd d( ) ( ) ˆ ( ) ( ) ( ) ˆ ( )Ÿ ŸΨ Ψ   =  I I11 12+ .
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Consider  I11 .  Taking into account condition (i) and the fact that  ˆ ( )Ψ ω   =  0  for  ω  ∈  ( – π; π  ),  we estab-
lish that  I11  →  0  as  n  →  ∞.  Furthermore, by virtue of condition (ii), we have 
I12   ≤  
  
ε ψ ω ω ω
ω ε
−
>
−∫kp n p d( ) ( ) ˆ ( )Ÿ Ψ   →  0       as    n  →  ∞.
Thus, 
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1 1 2 1 12 1 2
1
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−
−
⎛
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⎞
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− −( ) / / /π
π
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The lemma is proved. 
We also note the special case of the lemma.  For  k  =  0,  we get 
  
lim ( )
n
n q→∞
ψ Ÿ   =  ( ) / /2 1 1 2π q− . (7)
Proof of Theorem 1. It is necessary to verify conditions (i) and (ii) of Lemma 1 for orthogonal Daubechies
wavelets.  We use relations (4) and (5) and the fact that 
cm  =  
0
2 1
1π
ω ω∫ −
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Γ
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+ 1 2
π
  ∼  
m
π
. (8)
To prove condition (i), we choose  0  <  ε  <  1  and note that  Hm( )ω   ≤  1  for any  ω.  We obtain 
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Furthermore, since 
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we get 
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Since 
cm  ∼  
m
π
,
the last expression tends to zero as  m  →  ∞. 
Relation (i) is proved. 
To prove condition (ii), we set  I  =  [ – 2 π; 2 π ]  and 
Iδ  =    [ , ) ( , ) ( , ) ( , ]− − + − − − + − + −2 2 2 2π π δ π δ π δ π δ π δ π δ π∪ ∪ ∪ .
Let us prove that 
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For fixed  δ,  the sequence  1
2 2π
ω
πHm +⎛⎝ ⎞⎠ converges uniformly as  m  →  ∞  to  ˆ ( )Ψ ω   in  I I\ δ  There-
fore, the second term on the right-hand side of (9) tends to zero as  m  →  ∞. 
The first term on the right-hand side of (9) can be rewritten in the form 
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It is clear that the right-hand side of the inequality obtained tends to zero as  m  →  ∞. 
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Since  Iδ   =  6 δ,  we have
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We now verify that, for all  p  >  1,  we have 
( ) ( )ψ ω ω
ω π
m
D p dŸ
≥
∫
2
  → 0       as    m  →  ∞.
According to known results concerning the regularity of Daubechies wavelets (see, e.g., [5], Sec. 2.2.4), there ex-
ist positive constants  C  and  ˜C   such that the following inequality holds for all  ω > 2 π : 
( ) ( )ψ ωmD Ÿ ≤ ˜ logC C mω − .
Then 
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∫C p m d .
The last expression tends to zero as  m  →  + ∞. 
Thus, the conditions of Lemma 1 for orthogonal Daubechies wavelets are satisfied. 
Using (2), (6), and (7), we obtain 
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The theorem is proved. 
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